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Abstract
The finite element method is applied to obtain numerical solutions to
the recently derived nonlinear equation for shallow water wave prob-
lem for several cases of bottom shapes. Results for time evolution
of KdV solitons and cnoidal waves under stochastic forces are pre-
sented. Though small effects originating from second order dynamics
may be obscured by stochastic forces, the main waves, both cnoidal
and solitary ones, remain very robust against any distortions.
Keywords: Shallow water wave problem, nonlinear
equations, second order KdV equations, stochastic forces.
1. Introduction
The Korteveg – de Vries (KdV) equation appears as a
model for the propagation of weakly nonlinear disper-
sive waves in several fields like gravity driven waves on
a surface of an incompressible irrotational inviscid fluid
[7–10,15], ion acoustic waves in plasma [10], impulse prop-
agation in electric circuits [15] and so on.
In hydrodynamical context the KdV equation is ob-
tained as first order approximation of Euler equations with
appropriate boundary conditions for the surface and the
flat bottom. Small parameters, like α = a/H , ratio of the
wave amplitude a to the fluid depth H and β = (H/L)2,
where L is a mean wavelength, are introduced. In the
derivation of KdV the velocity potential of the fluid is ex-
panded as a series with respect to the vertical coordinate
and then only terms up to first order in small parameters
are retained in all equations describing the system. De-
spite of its simplicity, KdV equation appeared to be a good
approximation for many phenomena, see e.g. [7, 8, 10, 15]
and focused enormous attention of physicists, mathemati-
cians and engineers.
In order to extend possible applications of this kind of
theories to the cases when parameters α, β are not very
small the second order approximation of velocity poten-
tial was considered and subsequently second order KdV
type equation (sometimes called extended KdV) was de-
rived, see, e.g. [3, 9]. This equation, written in scaled co-
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ordinates and fixed reference frame has the following form
(η(x, t) is the surface wave function)
ηt + ηx + α
3
2
ηηx + β
1
6
η3x − 3
8
α2η2ηx (1)
+ αβ
(
23
24
ηxη2x +
5
12
ηη3x
)
+
19
360
β2η5x = 0
Here and in the following the indexes denote partial deriva-
tives, that is ηx ≡ ∂η∂x , ut ≡ ∂η∂t and so on.
There were also attempts to extend the KdV theory
to cases when the bottom of the fluid container is not
flat. This subject is extremely important to understand
the behaviour of waves coming to shallower regions and
such phenomenon as tsunami creation. However, until last
year there were no studies in this direction which could
directly incorporate terms from the bottom function into
the wave equation. In [1, 2], some of us derived second
order KdV type equation containing terms directly related
to the bottom function h(x)
ηt + ηx + α
3
2
ηηx + β
1
6
η3x (2)
− 3
8
α2η2ηx + αβ
(
23
24
ηxη2x+
5
12
ηη3x
)
+
19
360
β2η5x
+ βδ
(
− 1
2β
(hη)x +
1
4
(h2xη)x −
1
4
(hη2x)x
)
= 0,
where δ = ah/H is another small parameter, ah stands
for the amplitude of the bottom variations and H is the
undisturbed (mean) depth of the fluid. It is assumed that
h(x) is continuous, at least three times differentiable and
lim
x→±∞
h(x) = 0. For details of derivation of that equation,
see [1, 2]. Note that when the bottom is flat, δ = 0, the
equation (2) reduces to (1).
The present paper aims to find numerical solutions to
stochastic versions of second order KdV type equations
(1) and (2). In order to do this we first try to follow
the finite element method (FEM) used by Debussche and
Printems in [5]. Their method was good enough for the
the stochastic Korteweg-de Vries equation of the form [5,
Eq. 1.2]
ut + u ux + ǫ uxxx = γ ξ˙. (3)
1
In Eq. (3) the noise term ξ(x, t) is a Gaussian process with
correlations
E ξ˙(x, t) ξ˙(y, s) = c(x− y) δ(t− s) (4)
and γ is the amplitude of the noise. Equation (3) with
rhs equal zero is the Korteweg-de Vries equation written
in a moving reference system with coordinates scaled in a
particular way. This form was convenient for the authors
in order to apply the finite element method (FEM) in their
numerical simulation.
In the case of periodic boundary conditions the noise
term ξ has to be introduced in a different way. Since the
Brownian motions are nowhere differentiable we have to
introduce the mathematical form of (3).
Let (Ω,F , (Ft)t≥0,P) denote a stochastic basis. The Itô
form of (3) can be written in the form
du+
(
u
∂u
∂x
+ ǫ
∂3u
∂x3
)
dt = γ Φ dW. (5)
In (5), W is a Wiener process on L2(0, L) of the form
W (t, x) =
∞∑
i=0
βi(t) ei(x), (6)
where {ei}i∈N is an orthonormal basis of L2(0, L) and
{βi}i∈N is a sequence of independent real valued Brow-
nian motions, defined on the stochastic basis. In (5), Φ is
an appropriate linear map from L2(0, L) to L2(0, L). For
more details, see [5].
2. Numerical approach
Our aim was to extend the approach used in [5] in order
to numerically solve second order stochastic version of the
equation with an uneven bottom (2)
ηt + ηx + α
3
2
ηηx + β
1
6
η3x (7)
− 3
8
α2η2ηx + αβ
(
23
24
ηxη2x+
5
12
ηη3x
)
+
19
360
β2η5x
+ βδ
(
− 1
2β
(hη)x +
1
4
(h2xη)x −
1
4
(hη2x)x
)
= γ ξ˙.
Note that this equation, in contrast to KdV equation, has
to be solved in the fixed coordinate system because trans-
formation to a moving frame would make the bottom func-
tion time dependent.
Setting δ = 0 in (7) one obtains second order stochas-
tic KdV type equation (that is the equation for the flat
bottom)
ηt + ηx + α
3
2
ηηx + β
1
6
η3x − 3
8
α2η2ηx (8)
+ αβ
(
23
24
ηxη2x +
5
12
ηη3x
)
+
19
360
β2η5x = γ ξ˙.
which can be solved within the same algorithm.
The details of numerical scheme for solution of equations
(1), (2) were described in [6]. Therefore in this paper we
only briefly summarize that description emphasizing the
stochastic part. We focus on (7) because in our scheme
(8) is the particular case of (7) when δ = 0.
We adapt Crank-Nicholson scheme for time evolution
using time step τ . Introducing the following variables:
v = ηx, w = vx, p = wx, q = px, g = hxx (9)
we can write fifth order differential equation (7) as the
coupled set of first order differential equations
ηn+1 − ηn − Φ (Wn+1 −Wn)
+τ
∂
∂x
[
ηn+
1
2 +
3α
4
(
ηn+
1
2
)2
+
β
6
wn+
1
2
−1
8
α2
(
ηn+
1
2
)3
+ αβ
(
13
48
(
vn+
1
2
)2
+
5
12
(
ηn+
1
2wn+
1
2
))
+
19
360
β2
(
qn+
1
2
)
1
4
βδ
(
− 2
β
(
hn+
1
2 ηn+
1
2
)
(10)
+ηn+
1
2 gn+
1
2 + hn+
1
2wn+
1
2
)]
= 0,
∂
∂x
ηn+
1
2 − vn+ 12 = 0,
∂
∂x
vn+
1
2 − wn+ 12 = 0,
∂
∂x
wn+
1
2 − pn+ 12 = 0,
∂
∂x
pn+
1
2 − qn+ 12 = 0,
where
ηn+
1
2 = 12
(
ηn+1 + ηn
)
, vn+
1
2 = 12
(
vn+1 + vn
)
,
wn+
1
2 = 12
(
wn+1 + wn
)
, pn+
1
2 = 12
(
pn+1 + pn
)
,
qn+
1
2 = 12
(
qn+1 + qn
)
, hn+
1
2 = 12
(
hn+1 + hn
)
,
gn+
1
2 = 12
(
gn+1 + gn
)
.
(11)
In (10), ηn=η(x, nτ), ηn+1=η(x, (n + 1)τ) and so on.
2.1. Finite element method
Since solutions to stochastic equation are not expected
to be smooth, we follow the arguments given in [5] and
apply Petrov-Galerkin space discretization and the finite
element method. We use a piecewise linear shape function
and piecewise constant test functions. We consider wave
motion on the interval x ∈ [0, L] with periodic boundary
conditions. Let N ∈ N, then we use a mesh Mχ of points
xj = jχ, j = 0, 1, . . . , N , where χ = L/N . Let V
1
χ be a
space of a picewise linear functions ϕ(x), such that ϕ(0) =
ϕ(L), defined as
ϕj(x) =


1
χ
(x− xj−1) if x ∈ [xj−1, xj ]
1
χ
(xj+1 − x) if x ∈ [xj , xj+1]
0 otherwise.
(12)
2
For test functions we choose the space of piecewise con-
stant functions ψ(x) ∈ V 0χ , where
ψj(x) =
{
1 if x ∈ [xj , xj+1)
0 otherwise.
(13)
Approximate solution and its derivatives may be ex-
panded in the basis (12)
ηnχ(x) =
N∑
j=1
anj ϕj(x), v
n
χ(x) =
N∑
j=1
bnj ϕj(x),
wnχ(x) =
N∑
j=1
cnj ϕj(x), p
n
χ(x) =
N∑
j=1
dnj ϕj(x),
qnχ(x) =
N∑
j=1
enj ϕj(x).
(14)
Therefore in a weak formulation we can write (10) as
(
ηn+1χ − ηnχ , ψi
)− (Φ (Wn+1χ −Wnχ ) , ψi)
+τ
{(
∂xη
n+ 1
2
χ , ψi
)
+
3α
4
(
∂x
(
η
n+ 1
2
χ
)2
, ψi
)
+
β
6
(
∂xw
n+ 1
2
χ , ψi
)
− 1
8
α2
(
∂x
(
η
n+ 1
2
χ
)3
, ψi
)
+αβ
[
13
48
(
∂x
(
v
n+ 1
2
χ
)2
, ψi
)
(15)
+
5
12
(
∂x
(
η
n+ 1
2
χ w
n+ 1
2
χ
)
, ψi
)]
+
19
360
β2
(
∂x
(
q
n+ 1
2
χ
)
, ψi
)
+
1
4
βδ
(
∂x
[
− 2
β
(
hn+
1
2 η
n+ 1
2
χ
)
+η
n+ 1
2
χ g
n+ 1
2 + hn+
1
2w
n+ 1
2
χ
]
, ψi
)}
= 0,
(
∂xη
n+ 1
2
χ , ψi
)
−
(
v
n+ 1
2
χ , ψi
)
= 0,(
∂xv
n+ 1
2
χ , ψi
)
−
(
w
n+ 1
2
χ , ψi
)
= 0,(
∂xw
n+ 1
2
χ , ψi
)
−
(
p
n+ 1
2
χ , ψi
)
= 0,(
∂xp
n+ 1
2
χ , ψi
)
−
(
q
n+ 1
2
χ , ψi
)
= 0,
for any i = 1, . . . , N , where abbreviation ∂x is used for
∂
∂x
.
Here and in the following,
(f, g) :=
∫ L
0
f(x)g(x)dx
denotes the scalar product of functions.
In order to obtain a noise in space, at each time step n
and each node j a random number κχ,τj,n is computed ac-
cording to a normal law and such that it forms a sequence
of independent random variables. Then we can set
Φ
(
Wn+1χ −Wnχ
)
=
√
τ
N∑
j=1
1
||φj ||L2(0,L)
κχ,τj,n φj
=
√
τ Nφ
N∑
j=1
κχ,τj,n φj ,
where notation Nφ =
1
||φj ||L2(0,L)
was introduced for ab-
breviation.
Insertion (14) into (15) yields a system of coupled linear
equations for coefficients anj , b
n
j , c
n
j , d
n
j , e
n
j . Solution of this
system supplies an approximate solution of (1) given in
the mesh points xj .
Denote
C
(1)
ij := (ϕj , ψi),
C
(2)
ij := (ϕ
′
j , ψi),
C
(3)
ijk := (ϕ
′
jϕk + ϕjϕ
′
k, ψi),
C
(4)
ijkl :=
([
ϕ′jϕkϕl + ϕjϕ
′
kϕl + ϕjϕkϕ
′
l
]
, ψi
)
(16)
where ϕ′j =
dϕ
dx
(xj). Simple integration shows that
C
(1)
ij =


1
2χ if i = j or i = j − 1
0 otherwise,
(17)
C
(2)
ij =


−1 if i = j
1 if i = j − 1
0 otherwise.
(18)
A little more complicated calculation yields
C
(3)
ijk = C
(2)
ij δjk and C
(4)
ijkl = C
2
ij δjk δkl. (19)
Properties (19) allow to reduce double and triple sums
arising in nonlinear terms in (15) to single ones.
The final system of nonlinear equations for coefficients
an+1j , b
n+1
j , c
n+1
j , d
n+1
j , e
n+1
j of expansion of the solution
in the basis {φi} has the form (for details of derivation,
see [6])
3
N∑
j=1
{(
an+1j − anj +
√
τ Nφκ
χ,τ
j,n
)
C
(1)
ij
+τ
[
1
2
(bn+1j + b
n
j )C
(1)
ij (20)
+
(
α
3
16
(an+1j + a
n
j )
2 + β
1
12
(cn+1j + c
n
j )
−α2 1
64
(an+1j + a
n
j )
3 + αβ
13
192
(bn+1j + b
n
j )
2
+αβ
5
96
(an+1j + a
n
j )(c
n+1
j + c
n
j )
+β2
19
720
(en+1j + e
n
j )
)
C
(2)
ij
]}
= 0,
N∑
j=1
[
(an+1j + a
n
j )C
(2)
ij − (bn+1j + bnj )C(1)ij
]
= 0,
N∑
j=1
[
(bn+1j + b
n
j )C
(2)
ij − (cn+1j + cnj )C(1)ij
]
= 0,
N∑
j=1
[
(cn+1j + c
n
j )C
(2)
ij − (dn+1j + dnj )C(1)ij
]
= 0,
N∑
j=1
[
(bn+1j + b
n
j )C
(2)
ij − (en+1j +enj )C(1)ij
]
= 0,
where i = 1, 2, . . . , N .
Define 5N -dimensional vector of expansion coefficients
(14)
Xn =


An
Bn
Cn
Dn
En

 , (21)
where
An =


an1
an2
...
anN

, Bn =


bn1
bn2
...
bnN

, Cn =


cn1
cn2
...
cnN

,
Dn =


dn1
dn2
...
dnN

, and En =


en1
en2
...
enN

.
In (20), An+1, Bn+1, Cn+1, Dn+1, En+1 represent the
unknown coefficients whereas An, Bn, Cn, Dn, En the
known ones. Note that the system (20) is a nonlinear
one.
In an abbreviated form the set (20) can be written as
Fi(X
n+1, Xn) = 0, i = 1, 2, . . . , 5N. (22)
Since this equation is nonlinear we can use Newton method
at each time step. That is, we find Xn+1 by iterating the
equation
(Xn+1)m+1 = (X
n+1)m + J
−1(Xn+1)m = 0, (23)
where J−1 is the inverse of the Jacobian of the
F (Xn+1, Xn) (22). Choosing (Xn+1)0 = X
n we usu-
ally obtain the approximate solution to (22), (Xn+1)m in
m = 3− 5 iterations with very good precision. The Jaco-
bian itself is a particular sparse matrix (5N × 5N) with
the following block structure
J =


(Aa) (Ab) (Ac) (0) (Ae)
(C2) −(C1) (0) (0) (0)
(0) (C2) −(C1) (0) (0)
(0) (0) (C2) −(C1) (0)
(0) (0) (0) (C2) −(C1)

 ,
(24)
where each block (·) is a two-diagonal sparse (N × N)
matrix. The matrix Aa is given by
Aa=


a11 0 0 · · · 0 a1N−1 a1N
a21 a
2
2 0 · · · 0 0 a2N
0 a32 a
3
3 0 · · · 0 0
...
...
...
. . .
...
...
...
0 0 · · · aN−3N−4 aN−3N−3 0 0
0 0 · · · 0 an−2N−3 aN−2N−2 0
aN1 0 · · · 0 0 aN−1N anN


. (25)
In (25) the nonzero elements of (Aa) are given by
aij =
∂ Fi
∂ an+1j
, (26)
where Fi, i = 1, . . . , N is given by the first equation of
the set (20). Elements in the upper right and lower left
corners come from periodic boundary conditions. Matri-
ces (Ab), (Ac), (Ae) have the same structure as (Aa), only
elements aij have to be replaced, respectively, by
bij =
∂ Fi
∂ bn+1j
, cij =
∂ Fi
∂ cn+1j
and eij =
∂ Fi
∂ en+1j
.
Matrix (Ad) vanishes since there is no fourth order deriva-
tive in the extended KdV equation and dn does not appear
in F .
Matrices C1 and C2 are constant. They are defined as
Ck, k = 1, 2
Ck=


C
(k)
11 0 · · · C(k)11 C(k)1N
C
(k)
21 C
(k)
22 · · · 0 C(k)2N
...
...
. . .
...
...
0 0 · · · C(k)N−1N−1 0
C
(k)
N1 0 · · · C(k)N−1N C(k)NN


, (27)
where C
(k)
ij are defined in (17) and (18).
4
3. Results of simulations
In this section some results of numerical calculations of
soliton waves with stochastic forces are presented. Simu-
lations were performed by solving the set of equations (20)
step by step. The main aim was to compare time evolu-
tion of waves described by second order KdV-type equa-
tion with bottom dependent term with stochastic forces to
those obtained without these forces (obtained in previous
paper [6]). In order to do this several cases of time evo-
lution are presented in the following convention. For each
particular case of the bottom function h(x) a sequence of
three figures is presented in which the amplitude of the
stochastic force is 0, 0.001 and 0.002, respectively. In this
way the influence of an increasing stochastic term on the
wave evolution is exhibited. In all presented cases δ = 0.2,
that is, the amplitude of the bottom variation is 20% of
the average water depth. In order to avoid overlaps of the
wave profiles at different time instants, the consecutive
profiles are shifted vertically by 0.15.
3.1. Soliton waves
In figures 1-3 we compare time evolution of the wave (ini-
tialy a KdV soliton) when the bottom function represents
a wide Gaussian hump,
h1(x) = δ exp
(
− (x− 40)
2
72
)
.
0 10 20 30 40 50 60 70
x
0.0
0.5
1.0
1.5
η(
x
,t
)
Fig. 1: Time evolution of the initial KdV soliton governed by
the extended KdV equation (2) obtained with FEM method,
by numerical solution of the set of equations (20) with γ = 0.
Dashed lines represent the undisturbed fluid surface.
In figures 4-6 we compare time evolution of the wave
(initialy a KdV soliton) when the bottom function repre-
sents a double Gaussian hump,
h2(x) = δ
[
exp
(
− (x− 30)
2
4
)
+ exp
(
− (x− 48)
2
4
)]
.
0 10 20 30 40 50 60 70
x
0.0
0.5
1.0
1.5
η(
x
,t
)
Fig. 2: The same as in Fig. 1 but with a moderate amplitude
of stochastic force, γ = 0.001.
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x
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η(
x
,t
)
Fig. 3: The same as in Fig. 1 but with a larger amplitude of
stochastic force, γ = 0.002.
In figures 7-9 we compare time evolution of the initial
KdV soliton when the bottom function represents an ex-
tended hump,
h3(x) = δ
(
tanh(x− 27)− tanh(x− 45)
2
)
.
In figures 10-12 time evolution of the initial KdV soliton
is compared for different amplitude of the stochastic term
when the bottom function represents a valley, h4(x) =
−h3(x).
In all the examples presented, with different shapes of
bottom functions, one observes the same general trend.
When the amplitude of the stochastic force is relatively
small (γ = 0.001), some small structures originated from
second order terms in the evolution equation (2) can be
still visible. Simultaneously, the main soliton wave is dis-
turbed only a little by the stochastic term.
5
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2.5
η(
x
,t
)
Fig. 4: The same as in Fig. 1 but for a double Gaussian hump
bottom function.
0 10 20 30 40 50 60 70
x
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2.5
η(
x
,t
)
Fig. 5: The same as in Fig. 4 but with a moderate amplitude
of stochastic force, γ = 0.001.
When the amplitude of the stochastic force increases,
through γ = 0.0015 which case is not shown here, to γ =
0.002, the structures from second order terms begin to be
more and more obscured by the noise and are not visible
at γ = 0.002. The main wave, however, appears to be
strongly resistant to the noise and preserves its soliton
character.
This character is preserved also for times much longer
than in presented examples. To see that we needed, how-
ever, to adapt our different code, based on finite difference
method, to the stochastic case. That code proved to be
very efficient in numerical calculations presented in [1,2,4].
The reasons why the finite difference method is more ef-
fective than finite element method presented here are ex-
plained in detail in the next section.
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)
Fig. 6: The same as in Fig. 5 but with a larger amplitude of
stochastic force, γ = 0.002.
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η(
x
,t
)
Fig. 7: The same as in Fig. 1 but for the bottom function in
the form of an extended hump.
3.2. Cnoidal waves
The cnoidal solutions to KdV are expressed by the Jacobi
elliptic cn2 function. The explicit expression for such a
solution is the following, see, e.g. [23]:
η(x, t) = η2 +Hcn
2
(
x− ct
∆
∣∣∣∣m
)
, (28)
where
η2 =
H
m
(
1−m− E(m)
K(m)
)
, ∆ = h
√
4mh
3H
, (29)
and
c =
√
gh
[
1 +
H
mh
(
1− m
2
− 3E(m)
2K(m)
)]
. (30)
Solution (28)-(30) is written in dimensional quantities,
where H is the wave height, h is mean water depth, g is
6
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)
Fig. 8: The same as in Fig. 7 but with a moderate amplitude
of stochastic force, γ = 0.001.
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)
Fig. 9: The same as in Fig. 8 but with a larger amplitude of
stochastic force, γ = 0.002.
gravitational acceleration and m is an elliptic parameter.
K(m) and E(m) are complete elliptic integrals of the first
and the second kind, respectively. The value of m ∈ [0, 1]
governs the shape of the wave. When m→ 1 the solution
tends to a soliton wave with distance between the peaks
going to infinity. When m→ 0 the cnoidal solution tends
to usual sinusoidal wave.
For our equations (2) and (1) we have to express the
formulas (28)-(30) in dimensionless variables.
In figures 13-15 we display time evolution of the wave,
initialy cnoidal solution of KdV equation with m = 1 −
10−8 for γ = 0, 0.001 and 0.0015. In this case the bottom
function is h(x) = δ 12 [−tanh(2(x− 8.6)− 12 ) + tanh(2(x−
66.5552)− 12 )] and the wavelength of the cnoidal wave is
d ≈ 40.324.
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Fig. 10: The same as in Fig. 1 but for the bottom function in
the form of an extended valley.
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Fig. 11: The same as in Fig. 10 but with a moderate amplitude
of stochastic force, γ = 0.001
4. Conclusions
The main conclusions obtained from our numerical simu-
lations of time evolution of KdV-type waves with respect
to second order equations with bottom terms are the fol-
lowing:
• Both solitary and cnoidal solutions of KdV equations
are extremely robust structures for many possible dis-
tortions. In previous studies [1, 2, 4] we showed the
resistance of these waves to second order terms in
extended KdV equation, including terms from an un-
even bottom.
• In this paper we showed that an inclusion of a stochas-
tic force into second order KdV-type equation does
not disturb much the shape of the main wave even
for large amplitude of the noise, although the sec-
ondary wave structures can be completely obscured
7
0 10 20 30 40 50 60 70
x
0.0
0.5
1.0
1.5
2.0
η(
x
,t
)
Fig. 12: The same as in Fig. 8 but with a larger amplitude of
stochastic force, γ = 0.002.
by the noise. It seems, however, that the main wave
is the most robust for solitary waves (which is a lim-
itnig case of cnoidal waves when m tends to 1). That
robustness with respect to stochastic noise diminishes
when parameter m decreases below 1.
• Finite element method, though sufficient for numeri-
cal study of stochastic KdV equation in [5] is not so
well suited for the higher order KdV type equation,
and particularly less satisfactory when the bottom is
not flat. For KdV equation considered in a moving
frame (3) the wave motion is slow and important time
evolution can be calculated using not very long space
and time intervals. This property allowed the au-
thors of [5] to use relatively low number N = 200
of the mesh size to obtain relevant results. Conse-
quently, since KdV is a third order differential equa-
tion, the size of Jacobian matrix used in numerical
scheme, (3N × 3N) is still low and allows for fast cal-
culations. Second order ("extended") KdV equation
(1), which is a differential equation of fifth order, can
be studied both in a moving reference frame and in a
fixed frame. In the first case the size of the Jacobian
increases to (5N × 5N) and when N is of the same
order the results can still be obtained in reasonable
computing time. The equation taking into account
bottom variation (2), however, has to be solved in
the fixed frame. Then, since waves move much faster,
in order to obtain a good description of the wave evo-
lution, substantially longer space intervals have to be
used. For a resolution of fine structures of the wave
relatively dense mesh has to be applied so N is usu-
ally an order of magnitude larger than in the case of
moving reference frame. Then computer time for in-
version of the Jacobian becomes very large and detail
calculations are not practical. In these cases the finite
difference method used in [1,2], adapted for stochastic
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Fig. 13: Time evolution, according to eq. (2), of the cnoidal
wave for the bottom function in the form of an extended valley.
The x interval is equal to the double wavelength of the cnoidal
wave with m=1-10−8.
equation, proves to be more efficient.
References
[1] A. Karczewska, P. Rozmej and L. Rutkowski, A new
nonlinear equation in the shallow water wave problem,
Physica Scripta 89 (2014) 054026.
[2] A. Karczewska, P. Rozmej and E. Infeld, Shallow-
water soliton dynamics beyond the Korteweg -– de
Vries equation, Physical Review E 90, 012907 (2014).
[3] G.I. Burde, A. Sergyeyev, Ordering of two small pa-
rameters in the shallow water wave problem, J. Phys.
A: Math. Theor. 46, 075501 (2013).
[4] A. Karczewska, P. Rozmej and E. Infeld, Energy
invariant for shallow water waves and Korteweg
- de Vries equation. Is energy always invariant?,
arXiv:1503.09089, to be published.
[5] A. Debussche and I. Printems, Numerical simulation
of the stochastic Korteweg–de Vries equation, Physica
D, 134 (1999) 200-226.
[6] A. Karczewska, P. Rozmej, M. Szczeciński and B. Bo-
guniewicz, Finite element method for extended KdV
equations, Int. J. Appl. Math. Comp. Sci., submitted.
[7] P.G. Drazin and R.S. Johnson, Solitons: An Introduc-
tion, Cambridge University Press, Cambridge, 1989.
[8] G.B. Whitham, Linear and Nonlinear Waves, Wiley,
New York, 1974.
8
0 10 20 30 40 50 60 70 80
x
0.0
0.2
0.4
0.6
0.8
1.0
η(
x
,t
)
Fig. 14: The same as in Fig. 13 but with a moderate amplitude
of stochastic force, γ = 0.001
0 10 20 30 40 50 60 70 80
x
0.0
0.2
0.4
0.6
0.8
1.0
η(
x
,t
)
Fig. 15: The same as in Fig. 14 but with a larger amplitude of
stochastic force, γ = 0.0015.
[9] T.R. Marchant and N.F. Smyth, The extended
Korteweg–de Vries equation and the resonant flow of
a fluid over topography, J. Fluid Mech. (1990), 221,
263-288.
[10] E. Infeld and G. Rowlands, Nonlinear Waves, Soli-
tons and Chaos, 2nd edition, Cambridge University
Press, 2000.
[11] N.J. Zabusky and M.D. Kruskal, Interaction of ‘Soli-
tons’ in a Collisionless Plasma and the Recurrence of
Initial States, Phys. Rev. Lett. 15, 240-243 (1965).
[12] A. de Bouard, A. Debussche, On the stochastic
Korteveg-de Vries equation, J. Functional Analysis,
154, 215-251 (1998).
0 10 20 30 40 50 60 70
x
0.0
0.2
0.4
0.6
0.8
1.0
η(
x
,t
)
Fig. 16: Time evolution, according to eq. (2), of the cnoidal
wave for the bottom function in the form of an extended valley.
The x interval is equal to the wavelength of the cnoidal wave
with m=1-10−16.
[13] T. Oh, Periodic stochastic Korteweg-de Vries equa-
tion with additive space-time white noise, Anal. PDE,
2, 281-304 (2009).
[14] T. Oh, Invariance of the White Noise for KdV, Com-
mun. Math. Phys., 292, 217–236 (2009).
[15] M. Remoissenet, Waves Called Solitons: Concepts
and Experiments, Springer, 1999.
[16] T.R. Marchant and N.F. Smyth, Soliton Interaction
for the Korteweg-de Vries equation, IMA J. Appl.
Math. 56, 157-176 (1996).
[17] T.R. Marchant, Coupled Korteweg-de Vries equations
describing, to higher-order, resonant flow of a fluid
over topography, Phys. Fluids 11, No. 7, 1797-1804
(1999).
[18] Q. Zou and CH-H. Su, Overtaking collision between
two solitary waves, Phys. Fluids 29, No. 7, 2113-2123
(1986).
[19] J. Villegas G., J. Castano B., J. Duarte V., E. Fierro
Y., Wavelet-Petrov-Galerkin method for the numeri-
cal solution of the KdV equation, Appl. Math. Sci. 6
3411-3423 (2012).
[20] S.-ul-Islam, S. Haq and A. Ali, A meshfree method
for the numerical solution RLW equation, J. Comp.
Appl. Math. 223 997-1012 (2009).
[21] A. Canivar, M. Sari and I. Dag, A Taylor-Galerkin
finite element method for the KdV equation, Physica
B 405 3376-3383 (2010).
[22] T.R. Taha, and M.J. Ablowitz, (1984), Analytical and
numerical aspects of certain nonlinear evolution equa-
tions III. Numerical, the Korteweg–de Vries equation,
Journal of Computational Physics 55: 231-253.
9
0 10 20 30 40 50 60 70
x
0.0
0.2
0.4
0.6
0.8
1.0
η(
x
,t
)
Fig. 17: The same as in Fig. 16 but with a moderate amplitude
of stochastic force, γ = 0.001
0 10 20 30 40 50 60 70
x
0.0
0.2
0.4
0.6
0.8
1.0
η(
x
,t
)
Fig. 18: The same as in Fig. 17 but with a larger amplitude of
stochastic force, γ = 0.0015.
[23] M.W. Dingemans, (1997) Water wave propagation
over uneven bottoms, World Scientific, Singapore.
http://repository.tudelft.nl
10
